Abstract. The first part of this article is a brief survey of the properties of so-called almost interior points in ordered Banach spaces. Those vectors can be seen as a generalization of "functions which are strictly positive almost everywhere" on L p -spaces and of "quasi-interior points" in Banach lattices. Almost interior points appear in numerous articles and monographs, but many of their properties are scattered throughout the literature. Here we gather an overview of their basic properties, their relations to other concepts and their appearance in an operator theoretic context as well as a discussion of several examples and an open problem which we consider to be central to their theory.
Introduction
The concept of operator semigroups -more precisely of one-parameter operator semigroups -is a very convenient language to describe linear dynamical systems.
By such an operator semigroup we mean a family (T t ) t∈J of bounded linear operators on, say, a Banach space X, which fulfils the assumption T 0 = id and T t+s = T t T s for all t, s ∈ J; here, J is either the set N 0 := {0, 1, 2, . . . } (in this case the dynamical system is modelled in discrete time) or the set [0, ∞) (then the dynamical system is modelled in continuous time). In the case of continuous time it is often sensible to impose some kind of continuity assumption on the mapping t → T t which leads, for instance, to the theory of so-called C 0 -semigroups. Our two main results (Theorems 4.1 and 5.3) are true for both cases J = N 0 and J = [0, ∞); in the latter case, we do not need the assumption that the semigroup be strongly continuous in neither of those theorems. However, strong continuity can sometimes be helpful to check an important assumption of Theorem 4.1, compare Example 4.2.
For J = N 0 and J = [0, ∞) we denote by J the additive semigroup generated by J within the real numbers, i.e. we set N 0 := Z and [0, ∞) := R. By an operator group on an ordered Banach space X we mean a family of bounded linear operators (T t ) t∈ J on X, which fulfils the same assumption as for a semigroup of operators. Notice that each operator T t of such a group has its unique inverse operator T −t . An operator semigroup or group is called bounded if sup t∈J T t < ∞, or if sup t∈ J T t < ∞, respectively.
It happens quite frequently that a Banach space X encountered in analysis carries an additional order structure which renders it a so-called ordered Banach space (for precise definitions see Section 2) .
A bounded linear operator T on an ordered Banach space X is called positive if T leaves the cone of positive vectors in X invariant, and an operator semigroup (group) (T t ) t∈J on such a space is called positive if it respects the order structure on X, i.e. if for each t the operator T t maps positive vectors to positive vectors.
It is a classical insight in analysis that positivity of an operator semigroup (T t ) t∈J has far reaching consequences for its long-time behaviour; more precisely, when combined with other appropriate assumptions positivity is often a powerful tool to prove that T t converges (strongly or with respect to the operator norm) as time t tends to ∞.
1.1.
Strong positivity assumptions and almost interior points. There are several ways to derive convergence from positivity (in conjunction with further assumptions) of a semigroup on an ordered Banach space. One approach relies on strengthened positivity assumptions on the semigroup; examples for the use of this method can be found in [30, Theorem 6.3] (to be precise, this is a spectral theoretic result from which one can derive asymptotic results for time discrete semigroups), [35] and [18, Theorem 4.3] . Our paper is based on this approach; in a very general setting we prove convergence results for semigroups which, in a sense, improve the positivity of vectors they are applied to.
To make this notion of "positivity improving semigroups" or "strongly positive semigroups" precise one needs to distinguish several grades of positivity within an ordered Banach space X. If X is, for instance, an L p -space for some p ∈ [1, ∞) over a σ-finite measure space, we might consider a function 0 ≤ f ∈ L p (i.e. f (ω) ≥ 0 for almost all ω) to be "strongly positive" if f (ω) > 0 for almost all ω.
Similarly, in the space of continuous real-valued functions over a given compact Hausdorff space Q, a function f ≥ 0 could be considered "strongly positive" if f (ω) > 0 for each ω ∈ Q which, by the compactness of Q, is equivalent to the existence of a number ε > 0 such that f (ω) ≥ ε for all ω ∈ Q. In the theory of ordered Banach space this kind a properties can be generalised to the notion of an almost interior point of the positive cone, which is a vector f in the positive cone such that ϕ, f > 0 for every non-zero positive functional ϕ. This class of vectors is particularly well-studied on Banach lattices where it coincides with the class of quasi-interior points; we refer for instance to [42, Section II.6 ] for a detailed study of quasi-interior points.
In ordered Banach spaces, almost interior points have also been studied on many occasions, but a survey paper or even a book chapter which discusses them in detail seems to be missing. In particular, a very useful theorem of Abdelaziz and Alekhno about the existence of positive vectors which are not almost interior points seems to be widely unknown. Thus, we use Section 2 to give a survey about almost interior points in ordered Banach spaces. Our treaty is far from being comprehensive, but we think it can serve as a useful source of reference for those who want to find the basic properties of almost interior points together with some non-trivial but essential theorems and a variety of references in one place. There is also some hope that in ordered Banach spaces some results might be generalised which are known up to now only for the case when the interior of the cone is non-empty, or equivalently, when an order unit exists. Moreover, we include an open problem which we consider to be essential for the theory of almost interior and quasi-interior points (Open Problem 2.5).
The rest of the paper, i.e. Sections 3 to 5 are dedicated to convergence results of operator semigroups which are "strongly positive" or "positivity improving" in the sense that the orbit of each non-zero positive vector under such a semigroup contains an almost interior point. Our main results are Theorems 4.1 and 5.3.
1.2.
Other approaches to the long term behaviour of positive semigroups. It is important to distinguish our approach from others in the literature which do not rely on strong positivity of the semigroup but, instead, on structural assumptions on the positive cone and on stronger regularity assumptions on the semigroups. Many results of this type are proved in the setting of Banach lattices and, in this context, convergence can for instance be proved by mainly spectral theoretic methods (see e.g. [ [21, 19] ). We should point out though that this kind of approaches is not limited to Banach latties only; related results are, for instance, proved in [1, Proposition 5 and Theorem 6], [46, 45] , [8, Corollary 2.3] and [23, Part II] on wider classes of ordered Banach spaces; however, some kind of geometric assumption always has to be imposed on the positive cone in order to make those approaches feasible.
Besides, a somewhat special role is played by semigroups on L 1 -spaces and spaces with similar properties. Note that L 1 -spaces play a special role in analysis, on the one hand due to their stochastic and physical significance (for instance, for a vector 0 ≤ u ∈ L 1 describing a particle concentration in a diffusion equations, its norm u 1 describes to total amount of particles present), on the other hand due to the very special property that their norm is additive on the positive cone, meaning that
There are important classes of ordered Banach spaces which share this property, although they need not exhibit a lattice structure (for instance, pre-dual of von Neumann-algebras). The class of ordered Banach spaces (X, X + ) with the property that there exist an equivalent norm which is additive on the cone X + , was introduced and studied by Krasnosel'skii in [28] , see also [48, [24, Section 4] ) and results results relying on Dobrushin's ergodicity coefficient (see e.g. [17] and the references therein).
Although our approach in this paper does not yield special results on spaces with additive norms, we find it worthwhile pointing out that those spaces are closely related, by means of duality, to spaces with order units which are discussed in Section 2 as special cases of almost interior points.
Preliminaries. Throughout we use the following notations and conventions: we set N := {1, 2, . . . } and N 0 := N ∪ {0}. If X is a Banach space, then X ′ denotes the dual space of X and L(X) denotes the space of bounded linear operators on X, which is equipped with the operator norm. Unless otherwise noted, the underlying scalar field of all occurring Banach spaces is assumed to be real.
Let (T t ) t∈J be a semigroup of operators in L(X) and T ∈ L(X). We will say that (T t ) t∈J (i) strongly converges to the operator T , if T t x − T x → 0 for any x ∈ X, (ii) uniformly converges to the operator T , if T t − T → 0, (iii) converges with respect to the weak operator topology to T , if
in all cases, as t tends to infinity. Further notation is introduced when needed; in particular, Section 2 recalls the most important notions from the theory of ordered Banach spaces.
2. Ordered Banach spaces and almost interior points 2.1. Ordered Banach spaces and duality. By an ordered Banach space we mean a pair (X, X + ) where X is a real Banach space (whose norm we suppress in the notation (X, X + )) and X + is a non-empty closed subset of X such that αX + + βX + ⊆ X + for all scalars α, β ≥ 0 and such that X + ∩ (−X + ) = {0}; the set X + is called that positive cone in X. In order to keep the notation as simple as possible we often simply call X an ordered Banach space and thereby suppress X + in the notation. Although many notions and results that we mention in the following remain valid in the more general setting of ordered normed spaces or in the setting of ordered vector spaces, we restrict ourselves to ordered Banach spaces here since our main results all fit into this setting.
Let X be an ordered Banach space. As is well-known, the positive cone X + induces a partial order ≤ on X which is given by x ≤ y if and only if y − x ∈ X + . A vector x ∈ X is called positive if x ∈ X + (equivalently, x ≥ 0). Moreover, we use the notation x < y for x, y ∈ X to indicate that x ≤ y but x = y. For x, z ∈ X we call the set [x, z] := {y ∈ X : x ≤ y ≤ z} the order interval between x and y.
The cone X + in the ordered Banach space X is called total or spatial if X + − X + is dense in X, and the cone is called generating if X + − X + = X. The cone X + is called normal if every ordered interval in X is norm bounded.
As explained in the introduction, a bounded linear operator T on an ordered Banach space X is called positive if T X + ⊆ X + , and a semigroup (T t ) t∈J on X (where J = N 0 or J = [0, ∞)) is called positive if the operator T t is positive for every time t ∈ J. We also note that an operator semigroup (T t ) t∈J on X is called bounded if sup t∈J T t < ∞.
Let X
′ be the dual space of an ordered Banach space X. We set X For separation of two subsets in a normed space we use the following version of the Hahn-Banach theorem also known as the theorem of Eidelheit (see [14] , [ 
We always have the following characterisation of positive elements in X, no matter whether X + is total or not: Proposition 2.2. Let X be an ordered Banach space and let x ∈ X. Then x 0 ∈ X + if and only if x ′ , x 0 ≥ 0 for all x ′ ∈ X ′ + . Proof. The implication "⇒" is obvious. For the proof of the converse implication "⇐" assume x 0 / ∈ X + . and apply the Eidelheit theorem to the sets A = {x 0 } and B = X + . Then we find a functional x ′ ∈ X ′ and a real number α such that
Since 0 ∈ X + , we conclude that α ≤ 0, so x ′ , x 0 < 0. It only remains to show that x ′ is positive. Let x ∈ X + . For every n ∈ N we have nx ∈ X + , so n x ′ , x ≥ α. Dividing by n and letting n → ∞, we can see that x ′ , x ≥ 0, so x ′ ≥ 0. Definition 2.4. Let X be an ordered Banach space.
(
Note that every strictly positive functional is positive and every almost interior point of X + belongs to X + . Moreover, every quasi-interior point x of X + is an almost interior point of X + . Indeed, let x ∈ X + be a quasi-interior point and let
, since each such z can be written as
Hence, x ′ vanishes on the dense subset X x and thus on the entire space X, so x ′ = 0. One might ask whether, conversely, every almost interior point of X + is also a quasi-interior point of X + . Schaefer remarks in [40, p. 136, assertion (K) ] that this is not true, in general; he attributes this observation to Klee. Another counterexample can be found in [29, Section 3.6] . However, in both counterexamples the positive cone is only total, but not generating. Thus, the following questions seem still to be open:
Open Problem 2.5. Let (X, X + ) be an ordered Banach space with generating cone. (a) Is every almost interior point of X + also a quasi-interior point of X + ? (b) In case that the answer to question (a) is negative, does it become positive if we assume, in addition, that the positive cone is normal?
Corollary 2.8 below shows that the answer to question (a) above is affirmative in case that the positive cone X + has non-empty topological interior, i.e. int(X + ) = ∅. Moreover, it is well-known (and not difficult to show by means of a quotient space 1 Unfortunately, the terminology is by far not unique: in [29] such a point is called quasiinterior! 2 For a non-zero positive vector u in an Archimedean ordered vector space X the set Xu := {x ∈ X : ∃λ ∈ R such that ± x ≤ λu} is linear and is called the subspace (in X) of bounded elements with respect to u or the principal ideal generated by u.
argument) that the answer to question (a) is affirmative in case that (X, X + ) is a Banach lattice.
The following characterisation of almost interior points also gives an interesting perspective on the relation between almost interior and quasi-interior points; it can be found in [6, Theorem 1.2]: a point x ∈ X + is almost interior if and only if X + + {Rx} = X, i.e. if and only if the union if the "semi-bounded" intervals {y ∈ X : y ≥ −λx} for λ ∈ [0, ∞) is dense in X.
From an operator theoretic perspective, almost interior points seem to be much more accessible than quasi-interior point; since the former are also the more general concept, we focus on almost interior points throughout the article.
The set of all almost interior points supplemented by the zero vector is a cone (more precisely, a subcone of X + ) in X. If the set of almost interior points is not empty then it is dense in X + . Indeed, if u is an almost interior point and x ∈ X + then x + εu is an almost interior point for all ε > 0.
The existence of almost interior points plays a remarkable role in solving some questions on the extension of linear functionals to positive ones, see Theorem 2.20. Let us recall the following sufficient criteria for the existence of quasi-interior (and, according to what was mentioned just before, also almost interior) points and strictly positive functionals; see [30] and [48, Kapitel II] . For the convenience of the reader we include the proofs, where in (b) we prove even the existence of a quasi-interior point -a little more than in the original paper. Proof. We may assume that X = {0}.
(a) Let B ′ denote the closed unit ball in X ′ and endow B ′ with the weak * -topology. The separability of X implies that B ′ is metrizable and separable. Hence, the subset B ′ ∩ X ′ + of B ′ is also separable with respect to the weak
+ which is weak * -dense in this set and thus in
We define
Then x ′ is a positive functional on X. We are going to show that x ′ is strictly positive. To this end, let x ∈ X + be such that x ′ , x = 0. Since x is positive, this implies that
According to Corollary 2.3 this implies that x = 0, so x ′ is indeed strictly positive. (b) Since X is separable as a metric space, so is its subset X + \ {0}. Hence, there exists a sequence (x n ) n∈N , x n > 0 which is dense in X + . We define
Let X x be as in Definition 2.4(c). We first prove that the closure X x of X x contains the positive cone X + ; to this end, let y ∈ X + and let ε > 0. Then there exists an index k ∈ N such that x k − y < ε. On the other hand we have
This proves that y ∈ X x and thus X + ⊆ X x . Since X x is readily seen to be a vector subspace of X, so is its closure. We conclude that X + − X + ⊆ X x and hence, due to the totality of X + one has X = X + − X + ⊆ X x ⊆ X. Therefore, x is indeed a quasi-interior point of X + .
The subsequent geometric characterisation of almost interior points is very useful. Let C be a closed convex set in a real Banach space X. A vector c ∈ C is called a support point of C if there exists a non-zero functional
e. x ′ attains its maximum on C at the point c). Using this terminology, we can characterise those positive vectors in an ordered Banach space which are not almost interior points of the positive cone: Proposition 2.7. Let X be an ordered Banach space and let x ∈ X + . The following assertions are equivalent:
is not an almost interior point of X + , then we can find a non-zero positive functional
for all y ∈ X + , so x is indeed a support point of
Note that this implies x ′ , x ≥ 0 since 0 ∈ X + . Moreover, for each y ∈ X + we also have ny ∈ X + and thus
′ is a positive non-zero functional which maps x to 0, so x is not an almost interior point of X + .
Let C be a closed convex set in a Banach space X and suppose that C has non-empty interior int(C). Then it is not difficult to see that C coincides with the closure of its interior. Thus, it is an easy consequence of the Hahn-Banach separation theorem that a vector x ∈ C is a support point of C if and only if it is contained in the topological boundary of C (but it is important to note that this is no longer true if C has empty interior, see below). Thus, we immediately obtain the subsequent corollary as a consequence of Proposition 2.7. If int(X + ) = ∅ then any point x ∈ int(X + ) is called an interior point of the positive cone X + .
Corollary 2.8. Let X be an ordered Banach space and assume that the positive cone X + has non-empty interior. Then the following assertions are equivalent for each vector x ∈ X + :
Proof. "(iii) ⇒ (ii)" Let y ∈ X. Due to assertion (iii) the positive cone contains an open neighbourhood of x, so there exists a number δ > 0 such that x − δy and x + δy are both contained in X + . This shows that y ≤ x/δ and y ≥ −x/δ, so y is contained in the order interval [−
Thus it is proved that X x = X; in particular, x is a quasi-interior point of X.
"(ii) ⇒ (i)" As shown after Definition 2.4, every quasi-interior point of X + is also an almost interior point of X + .
"(i) ⇒ (iii)" If x is not contained in int(X + ), then it is contained in the boundary of X + . Hence, by what has been said right before the corollary, x is a support point of X + and therefore, Proposition 2.7 implies that x is not an almost interior point of X + .
The positive cone of an ordered Banach space can contain an almost interior point only if the cone is total: Proposition 2.9. Let X be an order Banach space and assume that there exists an almost interior point x of X + . Then the positive cone X + is total.
Proof. Let F denote the closure of X + − X + and assume that F = X. Since F is a closed vector subspace of X which is not equal to X, by means of the separation Theorem 2.1, there exists a non-zero functional x ′ ∈ X ′ which vanishes on F ; in particular, x ′ vanishes on X + . Hence, x ′ is a non-zero positive functional, but x ′ , x = 0 for each x ∈ X + . This shows that no vector x ∈ X + is an almost interior point of X + .
A deep result of Bishop and Phelps [10, Theorem 1] says that, if C is a closed convex set in a real Banach space X, then its support points are dense in its boundary. This is not difficult to show in case that C has non-empty interior (in fact, in this case the set of support points of C coincides with the boundary of C), but it is also true for sets with empty interior. Moreover, we point out that this theorem does not assume the set C to be bounded (in contrast to a, presumably better known, result of the same authors which asserts that the so-called support functionals of C are dense in the dual space X ′ in case that C is bounded [10, Corollary 4]). If we combine the result of Bishop and Phelps with Proposition 2.7, we obtain the following result on the existence of almost interior points and strictly positive functions, which has far-reaching consequences for the proof of our main result in Theorem 4.1.
Theorem 2.10. Let X be an ordered Banach space of dimension at least 2 and assume that X + = {0}. Then there exist a non-zero point x ∈ X + which is not an almost interior point of X + and a non-zero functional x ′ ∈ X ′ + which is not strictly positive.
Proof. By the result of Bishop and Phelps quoted right before this theorem, the set of support points of X + is dense in the boundary of X + . As dim X ≥ 2 and as the cone X + is neither equal to {0} nor to X, it follows that X + has a non-zero boundary point y. Hence, due to the density of the support points of X + in the boundary of X + , there exists a support point x of X + with x − y ≤ 1 2 y , so x = 0. According to Proposition 2.7, x is not an almost interior point of X + .
On the other hand, if every non-zero positive functional in X ′ was strictly positive, then every non-zero vector in X + would be an almost interior point of X + . Hence, there exists a non-zero positive functional in X ′ which is not strictly positive.
The result in Theorem 2.10 has a somewhat curios history: in [41, Remark (iii) on p. 270] Schaefer discusses the relation of the assertion of Theorem 2.10 to a spectral theoretic question; the discussion implies that Schaefer considered the question whether this assertion is true or not to be open. A few years later, Abdelaziz used the argument presented in the proof of Theorem 2.10 above in the paper [1] . Yet, he did not seem to be aware of the open problem of Schaefer, which was solved by his argument and moreover, the assertion of Theorem 2.10 is not easy to find in [1] for two reasons: (i) the result is only contained implicitly in the proof of [1, Theorem 4] and (ii) this theorem is only stated for the special case of ordered Banach spaces which have a normal and generating cone and which admit, in addition, the Rieszdecomposition property -however, the very part of the proof of [1, Theorem 4] which we are referring to works perfectly fine for arbitrary ordered Banach spaces. The first explicit statement of Theorem 2.10 in the literature which we are aware of is much younger and due to Alekhno [2, Theorem 6] . He referred to the mentioned open problem of Schaefer, but apparently he was not aware of Abdelaziz' argument. Alekhno's proof employs the so-called drop theorem which originally goes back to Danes [12] (see also [11, Corollary 7] for a rather abstract approach to this result) and which can be seen as a non-linear version of the theorem of Bishop and Phelps that we used in the above proof.
Before we conclude this section with a few examples, we recall a further characterisation of interior points of a positive cone which is, in contrast to Corollary 2.8, also true if it is not a priori known that the cone has non-empty interior. This characterisation is often helpful to identify interior elements of the cone (if any of them exist) in applications.
An element u of an ordered Banach space X is called an order unit of X if for each x ∈ X there exists a real number ε > 0 such that u ≥ εx. We note that an order unit is automatically positive.
In the proof of the implication (ii) ⇒ (iii) in the next proposition we make use of the following property of a cone: the cone X + in X is called non-flatted (orfollowing the terminology of Jameson as well as Wong and Ng -the cone gives an open decomposition of the space), if there exists a constant M such that each x ∈ X decomposes into u − v with u, v ∈ X + and u , v ≤ M x . Non-flattness of the cone in an ordered normed (not Banach) space X is used to establish the norm completeness of the latter as well as the Dedekind completeness of the dual space X ′ (see [48, Kapitel III] [26] , [47] ). Proposition 2.11. Let X be an ordered Banach space and let u ∈ X. The following assertions are equivalent:
(i) u is an order unit of X.
(ii) The positive cone X + is generating and for every x ∈ X + there exists a real number ε > 0 such that u ≥ εx.
Proof. "(i) ⇒ (ii)" Let u be an order unit. Then the second part of assertion (ii) is obviously fulfilled. In order to prove that X + is generating, let x ∈ X. Since u is an order unit we have "(ii) ⇒ (iii)" We first show that there exists a real numberε > 0 such that u ≥ x for all x ∈ X + of norm at mostε. Assume the contrary. For each integer n ∈ N we can then find a vector x n ∈ X + which has norm at most 1 n 3 and fulfils u ≥ x n . Define
where the series converges absolutely in X. Note that the vector x is positive and that 1 n x dominates x n for each index n. Hence, u ≥ 1 n x for any n ∈ N. This contradicts (ii). Thus, there exists a real numberε > 0 with the property claimed above. Since the positive cone X + is non-flatted in X, we find a number M > 0 such that each vector x ∈ X can be written as x = x 1 − x 2 for two positive vectors x 1 , x 2 of norm at most M x . We set ε :=ε M . Now, let x ∈ X be a vector of norm x ≤ ε. We decompose x as x = x 1 −x 2 , where x 1 and x 2 are positive vectors whose norms fulfil
"(iii) ⇒ (iv)" Let ε > 0 be as in (iii) and let y ∈ X be a vector which fulfils u − y ≤ ε. Then u − y ≤ u by assertion (iii), so y ≥ 0. This shows that the (closed) ball with center u and radius ε is contained in X + , so u is an interior point of X + .
"(iv) ⇒ (iii)" If u is an interior point of X + , then there exists a number ε > 0 such that the closed ball with center u and radius ε is contained in X + . Now, let x ∈ X be a vector of norm at most ε. Then u − (u − x) = x ≤ ε shows that u − x lies in the closed ball centered at u with radius ε, so u − x is positive and thus, x ≤ u.
"(iii) ⇒ (i)" Obvious.
2.3.
Examples. In this subsection we give a few examples to illustrate the concepts discussed above.
Example 2.12 (L p -spaces). Let p ∈ [1, ∞) and let (Ω, µ) be a σ-finite measure space; we endow the Banach space L p (Ω, µ) with its canonical order. Then a vector 
with the pointwise order and the norm given by f := f ∞ + f 2 for all f ∈ X, where f ∞ denotes the sup-norm in C b (R). Then X is a Banach lattice. We show that the positive cone X + does not contain any almost interior point. Fix f ∈ X + . Then there exists a sequence (ω n ) n∈N in R such that |ω n | → ∞ and f (ω n ) → 0 as n → ∞. Moreover, we can find a function g ∈ X which takes the value 1 at each point ω n . Now, let U be a free ultra-filter on N and define a functional ϕ ∈ X ′ by ϕ, h := lim n→U h(ω n ) for each h ∈ X. Then ϕ is a positive functional, and it is non-zero since it maps g to the number 1. However, ϕ, f = 0, which shows that f is not an almost interior point of X + .
Example 2.14 (Spaces of continuous functions). Let Q be a locally compact Hausdorff space and let C 0 (Q) denote the space of all real-valued continuous functions on Q that vanish at infinity (endowed with the supremum norm). A function f ∈ C 0 (Q) is an almost interior point (equivalently: a quasi-interior point) of the positive cone if and only if f (ω) > 0 for all ω ∈ Q.
The positive cone in C 0 (Q) is always generating (as C 0 (Q) is a Banach lattice); it has non-empty interior if and only if Q is compact, and in this case, a function f is an (almost) interior point of the positive cone if and only if f (ω) > 0 for all ω ∈ Q if and only if f (ω) ≥ ε for some ε > 0 and all ω ∈ Q.
The following example requires some more detailed knowledge on C * -algebras and is adressed to readers which are interested in this special field.
Example 2.15 (C * -algebras). Let A be a non-zero C * -algebra. Recall that A is called unital if it contains an element 1 A which is neutral with repect to multiplication. We are going to make freely use of spectral theory in (unital and non-unital) C * -algebras and refer to the standard literature (see for instance [37] ) for more information.
The self-adjoint part A sa := {a ∈ A : a * = a} is a real Banach space, and it becomes an ordered Banach space if we endow it with its usual cone A Indeed, let a ∈ A + sa . If σ(a) does not contain the number 0, then A is unital and we can thus use the Neumann series to prove that a is an interior point of A + sa . Now assume conversely that a is an interior point, and thus an order unit of A + sa . Let B denote the C * -subalgebra of A generated by a. Then B is commutative and B sa is a vector subspace of A sa whose natural cone B + sa (i.e. the cone induced by the C * -algebra structure on B) coincides with the cone A + sa ∩ B sa induced by A (this observation can, for instance, be found in [37, p. 45] ). In particular, a is also an order unit in the ordered Banach space (B sa , B + sa ). Since the C * -algebra B is commutative, it follows from Gelfand's representation theorem for commutative C * -algebras (see e.g. [37, Theorem 2.1.10]) that there is a locally compact Hausdorff space Q and a C * -algebra isomorphism Φ from B to the space of complex-valued continuous functions on Q that vanish at infinity. Let us denote the restriction of Φ to the self-adjoint part B sa of B by φ. Then φ is an isomorphism between the ordered Banach space B sa and the ordered Banach space C 0 (Q) of all real-valued functions on Q that vanish at infinity.
Since φ(a) is an order unit of the cone in C 0 (Q), according to Example 2.14, it follows that Q is compact, that C 0 (Q) contains the constant function 1 with value 1 and that the function φ(a) is bounded away from 0. Thus, the element 1 B := φ −1 (1) ∈ B sa ⊆ B is neutral in B with respect to the multiplication, and a is invertible in B, i.e. there exists b ∈ B sa such that ab = ba = 1 B . It remains to show that 1 B is also neutral in A with respect to the multiplication (as this shows that σ(a) does not contain 0).
As a (by assumption) is an interior point of A + sa , it is in particular an almost interior point, and thus, we conclude for every non-zero positive functional τ
where the second inequality follows from [37, Theorem 3.3.7(2)]; so τ (1 B ) > 0. Hence, 1 B is also an almost interior point of A + sa and thus, 1 B A1 B is dense in A by what was said in part (i) of this example. We conclude that the mapping P : A → A, c → 1 B c1 B is a projection with dense range on the Banach space A; thus, P is the identity on A, so 1 B c1 B = c for all c ∈ A and hence, we finally conclude that
for all c ∈ A. This proves that 1 B is neutral with respect to multiplication on A. It follows from (ii) that A + sa has interior points if and only if A is unital. The authors do not know whether an almost interior point of A + sa is always a quasi-interior point in case that A is not unital. , where the sum runs over all multi-indices α ∈ N d of length at most k and where f (α) denotes the α-th derivative of f . Moreover, we endow C k (Ω) with the cone C k + (Ω) consisting of all functions f which fulfil f (ω) ≥ 0 for all ω ∈ Ω. Then C k (Ω) is an ordered Banach space with a generating cone, but the cone is not normal unless k = 0. Moreover, the cone has non-empty interior and this interior consists of all functions f which fulfil f (ω) > 0 for all ω ∈ Ω. According to Corollary 2.8 the almost interior points coincide with the interior points of C k + (Ω). Note that the space C k (Ω) is not a vector lattice unless k = 0. 
Example 2.18 (Sobolev spaces). Let
The space W k,p (R d ) has a normal cone if and only if k = 0; it is lattice ordered if and only if k ∈ {0, 1} (the implication "⇒" can be shown as in [5, Example 2.3(d)] for Sobolev spaces on bounded subsets of R d ). Actually the authors of the recent paper [39] showed that the positive cone in W k,p (R d ) is generating (and they also showed the non-flatness of the cone by an explicit estimate rather than merely referring to the Krein-Šmulyan theorem). We do not know whether the space W k,p (R d ) has almost interior or even quasi-interior points.
Example 2.19. Almost interior points are related to the possibility of extending a positive functionals defined on a subspace of an ordered Banach space to the entire space. We illustrate this by the following example which is taken from [6] . Endow ℓ 2 := ℓ 2 (N) with the usual coordinate-wise order and consider the positive elements The simple observation underlying the above example can be upgraded to a theorem which characterises whether a linear functional can be extended from a subspace to a positive functional on the entire space. As the above example also this result goes originally back to Bakhtin [6, Theorem 1.6] and [7] ; here we include a version of this result which is a bit more general, although it relies on a similar proof. Here we use the notations ker y ′ := {y ∈ Y : y ′ , y = 0} and X + + ker y ′ := {x + y : x ∈ X + , y ∈ ker y ′ }.
Before the proof a few remarks are in order. We stress that the vector subspace Y is not assumed to be closed in X. Also note that we did not assume y ′ to be bounded with respect to any norm, while the functional x ′ in assertion (i) is bounded. Moreover, y ′ is not a priori assumed to be positive in the sense that it maps X + ∩Y into [0, ∞); nevertheless, assertion (i) implies that y has this property automatically if any of the equivalent assertions (i)-(iii) is fulfilled.
Proof of Theorem 2.20. The implication "(i) ⇒ (iii)" is straightforward to prove. Indeed, assume to the contrary that X + +ker y ′ is dense in X. Then for the positive extension x ′ of y ′ we have x ′ , x ≥ 0 for all x ∈ X + + ker y ′ = X. Therefore, x ′ = 0, what is impossible. For an arbitrary almost interior point y ∈ Y one has 0 < x ′ , y = y, y . The implication "(iii) ⇒ (ii)" is obvious. To prove "(ii) ⇒ (i)" assume that (ii) is true. We first note that Y = ker y ′ ⊕ Ry 0 since y ′ does not vanish at y 0 . Now, let K denote the closure of X + + ker y ′ . Then K is a closed convex subset of X which is distinct from X itself. Hence, by the Hahn-Banach theorem there exists a non-zero functionalx ′ ∈ X ′ and a real number α such that x ′ , x ≥ α for all x ∈ K. Since K is invariant under multiplication by positive scalars, we obtain x ′ , x ≥ α n for all x ∈ K and all n ∈ N, so actually x ′ , x ≥ 0 for all x ∈ K.
As K contains X + we conclude thatx ′ is positive. Moreover,x ′ vanishes on ker y ′ , for if y ∈ ker y ′ then ±y ∈ K and thus x ′ , y = 0.
We conclude the proof by setting x ′ := y ′ ,y0
x ′ ,y0 x ′ . Observe that the denominator in this term is non-zero since y 0 is an almost interior point of X + . The functional x ′ ∈ X ′ is positive, it vanishes on ker y ′ and it coincides with y ′ at the point y 0 . Since Y = ker y ′ ⊕ Ry 0 this implies that the restriction of x ′ to Y coincides with y ′ .
2.4.
Positive operators and almost interior points. In this subsection we briefly discuss how almost interior points behave under the action of certain positive operators. Those kind of results will be very useful in the proof of our main result in Section 4. Let X be an ordered Banach space and let P ∈ L(X) be a positive projection. Denote the range space of P by P X, i.e. P X := {P x : x ∈ X}. Then the cone (P X) + := X + ∩ P X coincides with the set P (X + ) and the space (P X, (P X) + ) is an ordered Banach space in its own right (whose order coincides with the order inherited from (X, X + )).
Proposition 2.21. Let X be an ordered Banach space and let P ∈ L(X) be a positive projection. If z is an almost interior point of X + , then P z is an almost interior point of the positive cone (P X) + in the ordered Banach space P X.
Proof. Let y ′ ∈ (P X) ′ be a non-zero positive functional; we have to show that y ′ , P z = 0. There exists a vector y ∈ P X such that y ′ , y = 0. Let us define a functional x ′ ∈ X ′ by x ′ , x := y ′ , P x for all x ∈ X. Then x ′ is positive and non-zero since x ′ , y = y ′ , P y = y ′ , y = 0. Hence, we have
since z is an almost interior point of X + .
Proposition 2.22. Let X be an ordered Banach space such that X + contains an almost interior point. For every positive operator T ∈ L(X) the following assertions are equivalent:
There is a vector x ∈ X + such that T x is an almost interior point of X + .
Proof. "(i) ⇒ (iii)" Assume that (i) is fulfilled and let x be an almost interior point of X + , which exists by assumption. Then T x is an almost interior point of X + according to (i).
"(iii) ⇒ (ii)" Let x ∈ X + be as in (iii) and let x ′ ∈ X ′ be a non-zero positive functional. Then T ′ x ′ , x = x ′ , T x = 0 since x ′ is non-zero and T x is an almost interior point of X + . Hence T ′ x ′ is non-zero. "(ii) ⇒ (i)" Let x ∈ X + be an almost interior point of X + and let x ′ ∈ X ′ be a non-zero positive functional; we have to show that x ′ , T x = 0. The positive functional T ′ x ′ is non-zero by (ii). Hence, the number
is indeed non-zero as x is an almost-interior point of X + .
Corollary 2.23. Let X be an ordered Banach space and let T ∈ L(X) be a positive operator with dense range. If x ∈ X is an almost interior point of X + , then so is T x.
Proof. Since T has dense range, its dual operator T ′ is injective, so the assertion follows from implication "(ii) ⇒ (i)" in Proposition 2.22. Corollary 2.24. Let X be an ordered Banach space with a positive cone X + = {0}, let J = N 0 or J = [0, ∞) and let T = (T t ) t∈J be a positive operator semigroup on X. Let x be a non-zero positive vector in X and let t x be a non-zero time in J such that T tx x is an almost interior point of X + . Then T t x is an almost interior point of X + for every t ≥ t x .
Proof. Implication "(iii) ⇒ (ii)" of Proposition 2.22 shows that T ′ tx x ′ = 0 for every
Hence, we conclude from the semigroup law that T ′ s x ′ = 0 for every x ′ ∈ X ′ + \ {0} and every time s ≤ t x . Therefore, implication "(ii) ⇒ (i)" in Proposition 2.22 shows that T s maps almost interior points of X + to almost interior points for each time s ≤ t x . Now, let t > t x . Then there exists an integer n ∈ N and a time s < t x such that t = t x + ns. Since T tx x is an almost interior point of X + and since T s (and T n s as well) maps almost interior points to almost interior points, we conclude that
Almost interior points play also an essential role in the spectral theory of positive operators. During the last decades this theory has undergone a considerable development. It would probably provide sufficient material and research problems for an article on its own, so we do not discuss it here in details. Instead, for getting a first impression we refer the reader to the classical papers [29, 44, 49] .
Operator Semigroups and the Jacobs-de Leeuw-Glicksberg decomposition
In this section we recall a version of the famous Jacobs-de Leeuw-Glicksberg decomposition of operator semigroups. This result can be found in various different versions in the literature and is very helpful if one wants to prove convergence results for semigroups under compactness assumptions on its orbits. Here, we show a version of the theorem which is particularly well-adapted for our application in Section 4. The proof is very similar to the proofs of other versions in the literature; nevertheless, we include some of the details for the convenience of the reader. Theorem 3.1 (Jacobs-de Leeuw-Glicksberg). Let X be an ordered Banach space and let J = N 0 or J = [0, ∞); we set J = Z in case that J = N 0 and J = R in case that J = [0, ∞). Let T = (T t ) t∈J be a positive operator semigroup on X. Assume that for every x ∈ X the orbit {T t x : t ∈ J} is relatively compact in X. Then there exists a positive projection P ∈ L(X) and a positive bounded operator group (S t ) t∈ J on the ordered Banach space P X which fulfils the following properties: (a) The projection P commutes with the operator T t for each t ∈ J, i.e. both the range and the kernel of P are left invariant by the semigroup
(c) For every x ∈ ker P the vector T t x converges to 0 with respect to the norm on X as t → ∞.
Proof. Since the orbit {T t x : t ∈ J} is relatively compact in X for each vector x ∈ X, the orbit is, in particular, relatively weakly compact. This implies that the set {T t : t ∈ J} ⊆ L(X) is relatively compact with respect to the weak operator topology, see e.g. [16, Corollary A.5] . Let S denote the closure of {T t : t ∈ J} in L(X) with respect to the weak operator topology. Then S is a commutative semitopological semigroup when endowed with the weak operator topology and the operator multiplication as a binary operation. We note that every operator in S is positive as a consequence of Proposition 2.2. If S ∈ S , and x ∈ X + then for some subnet T tα x → Sx weakly in X, where T tα x ∈ X + and, so Sx ∈ X + . Now let
denote the so-called Sushkevich kernel of S . This is a compact subset of S and in fact a topological group with respect to operator multiplication, see e.g. [31, Theorem 4.1 on p.104]. If P denotes the neutral element of K, then P 2 = P , so the operator P is a positive projection on X. Obviously, P commutes with T t for every t ∈ J. It is standard to prove that T t (ker P ) ⊂ ker P and T t (P X) ⊂ P X for any t ∈ J, where ker P is the kernel and P X is the range (space) of the operator T . So assertion (a) is proved.
The mapping ϕ : J ∋ t → T t P ∈ K is a monoid homomorphism, i.e. ϕ(j + k) = ϕ(j)ϕ(k) and ϕ(1) = P . Since K is a group, it is not difficult to see that ϕ extends to a group homomorphismφ : J → K. For each time t ∈ J we observe thatφ(t) is a positive operator on X (since it is an element of K). The restriction S t :=φ(t)| P X is obviously a positive operator on the ordered Banach space P X, (P X) + and the operator family (S t ) t∈ J is an operator group on the Banach space P X in fact, a bounded operator group since K ⊆ L(X) is compact with respect to the weak operator topology and thus bounded. We have
This proves the existence of the bounded and positive operator group (S t ) t∈ J as well as assertion (b).
It remains to show assertion (c). To this end, we use a characterisation of the kernel of P which can, for instance, be found in [15, Proposition 16.27(c) ]: a vector x ∈ X is contained in ker P (and is called there almost weakly stable) if and only if the zero vector is contained in the weak closure of the set {T t x : t ∈ J} ⊆ X. Now, fix x ∈ ker P . Then there exists a net (t α ) ⊆ J such that the net (T tα x) converges weakly to 0. Since this net is contained in the orbit {T t x : t ∈ J} which by assumption is relatively compact with respect to the norm topology in X, we can find a subnet of (T tα ) which is norm convergent in X, and its limit clearly equals 0.
This implies that for every ε > 0 there exists a time t ∈ J such that T t x < ε. Since the semigroup (T t ) t∈J is bounded (as a consequence of the relative compactness of its orbits) we conclude that T t x → 0 as t → ∞, which proves (c).
For more detailed information about the Jacob-de Leeuw-Glicksberg decomposition of operator semigroups we refer to [ . Before we prove Theorem 4.1 let us point out that the theorem imposes no special conditions on the positive cone X + except for the assumption that it be non-zero. In particular, X + is not assumed to be normal nor is it assumed to be generating. However, we should note that the assumptions of the theorem clearly imply the existence of an almost interior point of X + , so the assumptions can only be fulfilled if the positive cone X + is at least total (see Proposition 2.9).
We mention here that under much stronger conditions (the cone X + is supposed to be normal and to have non-empty interior) the theorem was proved by Makarow and Weber in [35, Theorems 1 and 4], see also [48, p.207] .
Proof of Theorem 4.1. It follows from assumption (a) and Proposition 2.9 that X + is total in X.
Due to assumption (b) we can apply Theorem 3.1. Let P , J and (S t ) t∈ J be as in this theorem. Therefore we already know that T t x → 0 as t → ∞ for each x ∈ ker P . If P = 0, then nothing more has to be shown, so assume for the rest of the proof that P = 0. In general, one has X = ker P ⊕ P X, so let us now study the action of T on the range P X of P .
We first show that the ordered Banach space P X has dimension 1. Note that the positive cone (P X) + = X + ∩ P X of P X contains a non-zero element as P = 0 and as X + is total in X. We now prove that every non-zero element of (P X) + is an almost interior point of (P X) + ; Theorem 2.10 then shows that the dimension of P X cannot be more than 1.
So let 0 = x ∈ (P X) + . By assumption (a) there exists a time t x ∈ J such that T tx x is an almost interior point of X + . We thus conclude from Proposition 2.21 that the vector S tx x = S tx P x = T tx P x = P T tx x is an almost interior point of (P X) + ; for the second and the third equality above we used properties (b) and (a) of Theorem 3.1. As the operator S −tx on P X is bijective and positive, we conclude from Corollary 2.23 that the vector
is an almost interior point of (P X) + . Therefore, Theorem 2.10 shows that dim P X = 1.
Thus, P is a rank-1 projection, so it is of the form P = y ′ ⊗ y for a non-zero vector y ∈ P X and a non-zero functional y ′ ∈ P ′ X ′ . The positive cone of the one-dimensional ordered Banach space P X is non-zero (as we have already noted above), so P X is spanned by one positive vector and hence, we can even choose y to be positive. The positivity of P now implies that the functional y ′ is positive, too.
We will now show that y is a (joint) fixed point of T . Fix t ∈ J. Then due to the statement (a) of Theorem 3.1 the vector T t y is contained in P X and thus it is a multiple of y, i.e. we have S t y = T t y = α t y for some α t ∈ [0, ∞). Note that α t is non-zero since S t is an invertible operator on P X. We have S nt = α n t for each n ∈ Z, so the boundedness of the operator group (S t ) t∈ J (which we know also from Theorem 3.1) yields the inequalities α n t , α −n t ≤ C for some C > 0 and all n ∈ N, what implies α t = 1. We have thus proved that T t acts as the identity on P X for each t ∈ J, i.e. for x = P u = (y ′ ⊗ y)(u) one has T t x = x for each x ∈ P X and each t ∈ J, while (as was already mentioned at the beginning of the proof) T t converges strongly to 0 on ker P as t → ∞. This shows that T t converges strongly (on the whole space X) to P = y ′ ⊗ y as t → ∞. From this, one easily concludes that y ′ is a fixed point of the dual operator semigroup T ′ . Indeed, for each t ∈ J and each x ∈ X we have
where for the second and the last equalities we have used that P = y ′ ⊗ y. So T ′ t y ′ , x = y ′ , x and hence, T ′ t y ′ = y ′ . Let us show the remaining properties of y and y ′ . Since y is a non-zero positive vector in X, there exists a time t y ∈ J such that y = T ty y is an almost interior point of X + . On the other hand, let x ∈ X + be an arbitrary non-zero vector and choose t x ∈ J such that T tx x is an almost-interior point of X + . Therefore
This proves that the functional y ′ belongs to X ′ and is strictly positive. We have shown the theorem with Q := P .
Let us illustrate the above theorem with Example 4.2 below; the example assumes knowledge of the basic theory of C 0 -semigroups (see e.g. [16, Chapters I.5, II] for a comprehensive treatment of this theory).
Example 4.2. Let X be an ordered Banach space and let (T t ) t∈[0,∞) by a positive and contractive C 0 -semigroup on X (by contractive we mean that T t ≤ 1 for all t ∈ [0, ∞)). Assume moreover that the generator A of this semigroup has compact resolvent. Now, let x ∈ X be an almost interior points of X + and let x ′ ∈ X ′ be a strictly positive functional such that x , x ′ ≤ 1. As usual define the rank-1 operator
′ is positive and has norm at most 1. Moreover, it is strongly positive in the sense that it maps each non-zero positive vector in X to an almost interior point of X + . Now we choose a number α > 0 and define an operator B : Thus, Theorem 4.1 implies that S t converges strongly as t → ∞.
Uniform Convergence of Positive Semigroups
The main theorem of this section is Theorem 5.3 below. It is a version of Theorem 4.1, where the assumption of relatively compact orbits is replaced by the assumption that the semigroup is bounded and that at least one operator in the semigroup is quasi-compact. This change of assumptions allows us to prove even operator norm convergence of the semigroup as the time tends to infinity.
Let T ∈ L(X) for a Banach space X. The operator T is called power bounded if sup n∈N0 T n < ∞, and T is called quasi-compact if there exists an integer m ∈ N and a compact operator K on X such that T m − K < 1. In the following proposition we list a number of properties of quasi-compact operators which we are going to use in the sequel. For a real or complex Banach space X we let K(X) ⊆ L(X) denote the closed ideal of all compact linear operators on X. The quotient Banach algebra L(X)/K(X), endowed with the usual quotient norm
[T ] := inf{ T − K : K ∈ K(X)} for the equivalence class [T ] = T + K(X) of the operator T , is called the Calkin algebra over X. The latter allows us to establish some useful properties of quasi-compact operators in the next propositions. 
for the first equality we used that S commutes with T . It follows from (a) that T S is quasi-compact. (c) The implication "⇐" follows right from the definition of quasi-compactness, and the converse implication "⇒" follows from (a) since [
(d) Let t ∈ J \ {0} and choose n ∈ N such that nt ≥ t 0 . The operator T n t = T nt = T t0 T nt−t0 is quasi-compact according to (b), so it follows from (c) that T t is quasi-compact, too.
We can derive the main theorem of this section by means of the subsequent proposition.
Proposition 5.2. Let X be a Banach space, let T ∈ L(X) and assume that T is quasi-compact. (a) If T is power-bounded, then the orbit {T n x : n ∈ N 0 } is relatively compact in X for each x ∈ X. (b) If T n converges with respect to the strong operator topology to an operator P ∈ L(X) as n → ∞, then T n even converges with respect to the operator norm to P as n → ∞.
For the proof of assertion (b) we need the following elementary observation: if a sequence of operators (T n ) n∈N0 ⊆ L(X) on a Banach space X converges strongly to an operator S ∈ L(X) and if C ⊆ X is a relatively compact set, then the convergence of T n to S is uniform on C, meaning that sup x∈C T n x − Sx → 0 as n → ∞.
Proof of Proposition 5.2. Set M := sup n∈N0 T n < ∞. (a) Fix a vector x ∈ X, say of norm 1. In view of the norm-completeness of X it suffices to show that the orbit {T n x : n ∈ N 0 } is totally bounded, so let ε > 0. As T is quasi-compact, it follows from Proposition 5.1(a) that there exists an integer m ∈ N and a compact operator K ∈ L(X) such that T m − K ≤ ε. For each integer n ≥ m we have
where the first sumand (T m − K)T n−m x has norm at most εM , and the second sumand KT n−m x is contained in the relatively compact set M K(B), where B denotes the closed unit ball in X. Since the set M K(B) can be covered by finitely many balls of radius ε, it follows that the set {T n x : n ≥ m}, and hence also the entire orbit {T n x : n ∈ N}, can be covered by finitely many balls of radius ε(M +1). This proves that the orbit is totally bounded and thus relatively compact.
(b) It suffices to prove that (T n ) n∈N0 is a Cauchy sequence with respect to the operator norm, so let ε > 0. As above, we can find an integer m ∈ N and a compact operator K ∈ L(X) such that T m − K ≤ ε. Since the sequence (T n ) n∈N0 converges strongly to P , it follows from the remark made before the proof that T n K converges to P K with respect to the operator norm as n → ∞. In particular, (T n K) n∈N0 is a Cauchy sequence, so we can find n 0 ∈ N such that T n1 K − T n2 K ≤ ε for all n 1 , n 2 ≥ n 0 . For n 1 , n 2 ≥ n 0 + m we conclude that
which shows that (T n ) n∈N0 is indeed a Cauchy sequence.
With a few more arguments one can show that in Proposition 5.2(b) it is actually sufficient to assume that T n converges to P with respect to the weak operator topology as n → ∞. However, since this is not needed for the proof of our main result, we do not discuss this in detail.
Let (T t ) t∈[0,∞) be a bounded operator semigroup on a Banach space X. Assume that, for each t > 0, the sequence (T n t ) n∈N0 converges with respect to the operator norm to an operator Q t ∈ L(X) as n → ∞. Then it follows that T t converges with respect to the operator norm to an operator Q ∈ L(X) as t → ∞ (and we have Q t = Q for each t ∈ (0, ∞)). This results can be found in [20, Theorem 2.1(b)] and we are going to employ it in the subsequent proof. Now we can prove the main result of this section. Proof of Theorem 5.3. According to Proposition 5.1(d), the operator T t is quasicompact for each t ∈ J \ {0}.
For the proof of the theorem we distinguish the two cases J = N 0 and J = [0, ∞). First let J = N 0 . Then T t = T converges strongly to an operator Q with the claimed properties as t → ∞. On the other hand, T 1 is quasi-compact, so Proposition 5.2(b) implies that T t = T t 1 actually converges to Q with respect to the operator norm as t → ∞.
Now we consider the case J = [0, ∞) and we reduce it to the time-discrete case. Fix t ∈ (0, ∞). We first show that the time-discrete operator semigroup (T nt ) n∈N0 = (T n t ) n∈N0 fulfils all assumptions of the current theorem. Obviously, the semigroup is bounded, and as noted at the beginning of the proof, the operator T t is quasi-compact. Moreover, for every non-zero x ∈ X + there exists an integer n x ∈ N 0 such that T nx t x is an almost interior point of X + . Indeed, we can find a time t x ∈ [0, ∞) such that T tx x is an almost interior point of X + . If t x = 0 we may simply choose n x = 0, so let t x > 0. Then it follows from Corollary 2.24 that T t x is an almost interior point of X + for all t ≥ t x . Hence, we just have to choose an integer n x which fulfils n x t ≥ t x .
Since we have already proved the theorem for time-discrete semigroups, we conclude that T n t converges with respect to the operator norm to an operator Q t ∈ L(X) (and this operator is of the form claimed for the operator Q in the theorem). Hence, as explained before the theorem, it follows that Q := Q t does not depend on t and that T t converges to the operator Q with respect to the operator norm as t → ∞.
